In this paper, the problem of state observation for a continuous-time linear time-invariant (LTI) switched system is addressed. A finite-time observer (FTO) is employed for each subsystem and a switching observer is constructed accordingly. The finite convergence time property of the proposed switching observer is discussed and the exponential stability of the observation error is investigated. A linear matrix inequality (LMI)-based algorithm is given which provides conditions for the exponential stability of the switching observer when the switching signals have an average dwell time greater than a specific value. A numerical example is given to show the effectiveness of the proposed algorithm.
Introduction
Switched systems are a class of hybrid systems and have received considerable attention in recent years due to their wide range of applications in practical systems. There are many examples of switched systems in power electronics, process control, biomedical and biochemical processes and aerospace, to name only a few [10] , [13] . In general, switched systems consist of several subsystems and a switching rule, based on which the active subsystem at each point in time is selected. Switching can also be applied to control, in order to cope with highly uncertain systems [1] , [2] , [18] . The stability of switched systems with linear continuous-time subsystems has been extensively studied in the literature recently [6] , [15] , [16] . However, the observer design problem for switched systems is an open area of research and few results have been developed in this area (see [4] , [5] ).
In conventional observer design techniques proposed in the literature, the estimation error tends to zero asymptotically. However, in many control problems, finite convergence time of the error is of great interest, especially in the context of observer-based control systems [20] . As an example, in the chemical batch processing mode (unlike the continuous processing mode) it is essential to have the process performed satisfactorily in finite time [3] . The works [7] and [8] present sliding mode based observers which provide finite-time convergence by means of nonlinear dynamics. In [21] and [22] , moving horizon-based observers are studied which use the on-line solutions of dynamic optimization problems and guarantee finite convergence time of the estimation error. The finite-time observer (FTO) introduced in [9] consists of two identity Luenberger observers [17] , two gain components and a delay element. This observer has a simpler form compared to the one designed by either of the two approaches mentioned above. Furthermore, it is shown in [9] that finite-time convergence of the observer is guaranteed if the poles of the two Luenberger observers are placed in specific regions of the s-plane.
This work addresses the problem of designing finite-time switching observers for linear continuoustime switched systems. Due to the simplicity of structure, the FTO proposed in [9] is adopted as a basis for obtaining the main result. Therefore, to develop a switching observer for the given switched system, an FTO is designed for each subsystem first. It is then shown that the switching observer obtained from switching between these observers can observe the exact state of the switched system in finite time provided the system stays in the same mode at least for the duration of an interval of a prescribed length. Nevertheless, it is still required that the error dynamics of the switching observer be stable. To address this issue, a linear matrix inequality (LMI)-based approach is considered to design an FTO for each subsystem to achieve exponential stability for switching with constrained average rate rules. It is shown later that the stability of finite-time switching observer can be translated into the stabilizability problem for an impulsive switched system. By pursuing this approach, an algorithm for observer design using LMIs is developed. To guarantee that the overall observer obtained converges in finite time, the eigenvalues of the individual Luenberger observers are placed in a specific region in the left half of the complex plane. Next, a common Lyapunov function is found to verify the exponential stability of the switching observer whereas the lower bound for the average dwell time of the switched system is minimized. One of the advantages of this work is that unlike dead-beat observers in discrete-time systems, for finite convergence time here it is not required to place all the eigenvalues of the FTO in one particular spot. This leads to a more flexible design compared to the existing techniques. This paper is organized as follows: Finite-time observers for linear continuous-time systems are reviewed in Section 2. Section 3 focuses on the problem of finite-time switching observers for linear continuous-time switched systems as the main contribution of this work. In this section, it is first shown under what condition the finite-time convergence in the switching observer can be accomplished. However, it is mentioned that the observers' gains should be designed such that the stability of the switched system is achieved. For this purpose, an LMI-based algorithm is developed for designing FTOs to achieve the exponential stability of error for switching with constrained average rate signals. A numerical example is given in Section 4 to show the effectiveness of the proposed approach. Finally, some concluding remarks are provided in Section 5.
Continuous Finite-Time Observers (CFTO)
Consider the following linear time-invariant (LTI) continuous system
yðtÞ ¼ CxðtÞ ð 1bÞ where x 2 R n , y 2 R p , and u 2 R m are the state, the output and the input of the system, respectively, and x 0 is a given initial state. The observer design theory for system (1), often known as Luenberger observer, is well documented in the literature. In this type of observers, by a proper choice of gains, the error in the observation of state approaches zero exponentially with any desired rate of convergence. Unlike the continuous-time Luenberger observers where the convergence is always asymptotic with time, discretetime Luenberger observers can achieve finite convergence time by placing all the eigenvalues of the observer at the origin. This type of discrete-time observers is often referred to as dead-beat observers. Nevertheless, a methodology to observe the state in finite time using purely continuous observers was recently introduced in [9] . The corresponding observer consists of two identity Luenberger observers and a delay Á (see Fig. 1 ). It was also shown in [9] that the convergence time of the resultant observer is equal to Fig. 1 . The structure of the finite-time observer introduced in [9] .
Á. For the system (1), the equations
represent two identity Luenberger observers, where
By combining these two identity Luenberger observers and introducing a delay Á 2 R þ in the structure of the observer, a new state estimate b
x can be generated as follows
The structure of this observer is shown in Fig. 1 . The following result is borrowed from [9] . x is given by [9] :
In the following section, the FTOs theory will be employed to design an observer for linear switched systems.
FTOs for Switched Systems
Consider a class of switched linear continuous-time systems with N subsystems described by _ xðtÞ ¼ A ðtÞ xðtÞ þ B ðtÞ uðtÞ ð 4aÞ
yðtÞ ¼ C ðtÞ xðtÞ ð 4bÞ with x 2 R n , y 2 R p , and u 2 R m denoting the state, the output and the input of the system, respectively. Furthermore, : ½0; 1Þ ! " N, where " N :¼ 1; 2; Á Á Á ; N f g , is a piecewise constant function of time called switching signal. The function maps the time axis into the index set " N whose elements represent the index of the active LTI system at any given time. The switching instants are determined by a sequence t 1 ; Á Á Á ; t l ; f t lþ1 ; Á Á Ág which can have infinitely many members. The matrices A i , B i and C i , i 2 " N, are constant matrices with proper dimensions. The following assumption is required for the development of the main result of the paper. (4) is continuous for any control input; i.e., there is no jump in the state of the system at the switching instants.
Assumption 1 The state in

Proposed finite-time switching observer
In the sequel, an observer is introduced for the switched system (4) which under certain conditions observes the state of the system with finite convergence time.
Assume that in a given time interval ½t l ; t lþ1 Þ the i-th subsystem is active; i.e., ðtÞ ¼ i, t 2 ½t l ; t lþ1 Þ. The switched system in this interval can be described by An FTO for the i-th subsystem, denoted by O i , i 2 " N, can be constructed as follows
where Á i is the time-delay in the structure of the FTO for the i-th subsystem, and
Assumption 2 All N subsystems are assumed to be observable.
Remark 2 It is to be noted that by the above assumption, the condition of Lemma 1 holds, and as a result of Theorem 1 the existence of the proposed finite-time observer for each subsystem is guaranteed.
By employing these N FTOs, it is possible to construct an observer, denoted by O, for the switched system. For each subsystem, O i is utilized and a switching observer is constructed accordingly. The following initial conditions for the i-th Luenberger observer, i 2 " N, at the switching instants t l are considered
where the index of the active subsystem is equal to i for
The state estimate b xðtÞ in the proposed observer with the initial conditions given by (8) is continuous; i.e. b xðt
Now, by substituting (9) and using (8), one will arrive at the following relation
& It can be concluded from the above lemma that the observation errorx ¼ x À b
x of the switching observer is continuous as well. Furthermore, if t lþ1 À t l Á i , then the observation error is
If, on the other hand, t lþ1 À t l > Á i , then the observation error can be described as follows
In the forthcoming theorem, it is shown that if one of the subsystems of the switched system is active for an interval longer than Á i , where i is the index of the active subsystem, then the exact value of the state of the system is extracted by the proposed observer O. It is also shown that regardless of the future switches, the state observation error will stay at zero.
Theorem 2
The proposed switching observer O observes the state of the switched system (4) in finite time with no observation error, provided there exist two consecutive switching instants t l and t lþ1 such that
(the index i is equal to ðt þ l Þ, as noted before). Proof: It follows from (13) and (12) 
On the other hand, the continuity ofxðtÞ yields xðt lþ1 Þ ¼ 0. Consider now the next switching interval, i.e. ½t lþ1 ; t lþ2 Þ, and let ðt þ lþ1 Þ be denoted by j, where j 2 " N. if t lþ2 À t lþ1 Á j , then the observation error is
while if t lþ2 À t lþ1 > Á j , the observation error is
In either case, sincexðt lþ1 Þ is zero, it can be deduced from (15) and (16) 
Þ , where l is the smallest of such integers (i.e., ½t l ; t lþ1 Þ is the first interval whose size exceeds Á ðt þ l Þ ). Theorem 2 implies that once a switching interval exceeds Á i , the observation error in the switched observer O remains zero, and thus the observation error is bounded. This in turn means that if (13) is satisfied, then no other conditions are needed to be imposed on the design parameters to achieve a bounded observation error. However, this is only true if no uncertainties or sources of disturbance exist in the system. For instance, assume that due to a computational error,xðt þ lþ1 Þ in (14) is not exactly zero, but is very close to it. Now, if the error dynamics in the switching observer O is not stable, it is possible to find a switching signal ðtÞ such that the observation error xðtÞ becomes unbounded. Thus, regardless of the condition of Theorem 2, it is desired to obtain each of the FTOs O i such that the error dynamics of O is stable. In the following subsection, an algorithm is proposed which results in the exponential stability of the error dynamics of O under constrained switching.
Stability of state observation error dynamics
Definition 1 Corresponding to the switching observer O, consider a switched system e described by _ ðtÞ ¼ F i ðtÞ; (17) is not necessarily continuous and might jump at the switching instants. In other words, the switched system e can be impulsive. [16] kðtÞk ðkðt 0 þ Þk; tÞ;
Definition 2
On the other hand, the switched system e is globally uniformly exponentially stable over x, if there exist two scalars 1 > 0 and 2 > 0 such that for all switching signals belonging to x, satisfies the inequality given below [16] 
Remark 5 Similar definitions of asymptotic and exponential stability can be considered for the observation error dynamics of the switching observer O.
Lemma 3 State observation error dynamics of O is globally uniformly asymptotically stable if the switched dynamic system e is globally uniformly asymptotically stable.
Proof: It follows from (17) that
Compare the above equation with (11) and (12)
If, on the other hand, t lþ1 À t l > Á i , then the observation error can be obtained as follows
Regardless of the relative size of t lþ1 À t l with respect to Á i , the following inequality can be deduced from (19) and (20):
where (17) is globally uniformly asymptotically stable, then there exists a class KL function for which (18) holds. In this case, it can be concluded from (18) and (21) Consider again the switched system e given by (17) . Denote the active observer immediately before and after the switching instant t l with j and i, respectively. According to (19) , if t l À t lÀ1 Á j , theñ
and according to (20) , if t l À t lÀ1 > Á j , thenxðt l Þ 1 xðt À l Þ ¼ 0. Therefore, from (25), the switched system e can be rewritten as _ ðtÞ ¼ F i ðtÞ; t l t < t lþ1
The easiest way to represent slow switching is to introduce a number d > 0, often called dwell time [16] , and restrict the switching signal such that the time interval between every two consecutive switching instants is greater than d . Since this can be a restrictive requirement in general, one can consider the average dwell time instead, which allows fast switchings in some instants, provided that their effect would be compensated by sufficiently slow switchings in some other instants [16] . The following definition is borrowed from [16] .
Definition 3 Let the number of discontinuities of the switching signal ðtÞ on a given interval ½t 0 ; tÞ be denoted by Nðt; t 0 Þ. The signal ðtÞ is said to have an average dwell time a if there exists two positive numbers a and N 0 such that
In the following, inspired by the works [11] , [12] a sufficient condition for the stability of the impulsive switched system e is given. Remark 8 If the inequality (30) holds for some 0 < 1 in Lemma 4, then it can be shown that the switched system given by (26) is globally uniformly asymptotically stable for every arbitrary switching signal [11] .
In the remainder of this subsection, an LMI-based algorithm is introduced to design the proposed FTO O such that the exponential stability of the observation error dynamics under the constrained switching is guaranteed. It can be inferred from (11) and (12) that the dynamics of the error in each observer O i is determined by the eigenvalues of F i . The following conditions on the location of the eigenvalues of the matrices F i in the s-plane are desirable.
1) The eigenvalues of F 
It is straightforward to show that the above conditions hold if and only if the eigenvalues of F N such that the dynamics of the observation error for the proposed observer O is exponentially stable under the constrained switching, and the three conditions given above hold.
Step 1: Find 2N matrices X 1 i and X 2 i , i 2 " N, and two positive definite symmetric matrices P 1 and P 2 which satisfy the following LMIs
To solve the above LMIs for X 1 i , X 2 i , P 1 and P 2 , one can use the LMI toolbox of MATLAB.
Step 2: Using the matrices P 1 , P 2 ,
Step 1, find L i , the observer gain of O i proposed in (6) as follows
Define P and Y i as
where K i is given in (7c).
Step 3: Find the minimum value of subject to
It is to be noted that this minimization can be formulated as a mincx problem (MATLAB can solve this problem efficiently). Denote the optimum of the above convex optimization problem with Ã .
Step 4: If Ã > 1, compute the minimum allowable dwell time as
Remark 9 It can be shown that for any satisfying
; 8i 2 " N the inequality (37) holds. In other words, the optimization problem given in Step 3 of Algorithm 1 always has a feasible solution.
The above procedure arrives at the minimum value of namely Ã and gives the matrices
The following result is obtained. are placed in the regions R 1 and R 2 , respectively (see Fig. 2 ). 
Switch Finite-time Observers
(iii) If Ã > 1, then the error dynamics of the switching observer O is globally uniformly exponentially stable for any switching signal ðtÞ with an average dwell time a greater than min given by (38). Otherwise (0 < Ã 1), the error dynamics of the switching observer O is globally uniformly exponentially stable for arbitrary switching signals.
Proof: According to (34), since
From the definition of F 1 i and F 2 i given in (7a), the inequalities (39a)-(39d) can be written as
It can be concluded from Lyapunov theory that if (40a)-(40d) hold, then the matrices 
it can be concluded from (39a) and (39c) that _ VððtÞÞ < ðtÞ
(it is to be noted that t l denotes the switching instants).
On the other hand, since This means that _ VððtÞÞ < 2 0 VððtÞÞ for all times except the switching instants, and consequently (29) holds.
To check if the last condition of Lemma 4 is satisfied by this choice of V, assume the active observer in the time intervals t lÀ1 ; t l ½ Þand t l ; t lþ1 ½ Þare j and i, respectively. According to (26), Vððt þ l ÞÞ can be obtained as
For the case when Vððt l þ ÞÞ ¼ 0, the inequality (30) is clearly satisfied. For the other case given above, Vððt l þ ÞÞ can be rewritten as
where Y j is obtained in Step 2 (equation (36)). One can conclude from (37) that It is assumed that the flow through the valves is laminar, which implies that the relation between the flow rate in the valves and the height of the liquid is linear [19] . Depending on the value of the tank capacity C T and the pipe resistance R in each mode, the behavior of the system is governed by a specific differential equation. The state-space representation of the system is given by _ xðtÞ ¼ A ðtÞ xðtÞ þ B ðtÞ uðtÞ ð 42aÞ yðtÞ ¼ C ðtÞ xðtÞ ð 42bÞ
where the state xðtÞ ¼ h 1 ðtÞ h 2 ðtÞ ½ T contains the heights of liquid in the tanks, C ðtÞ ¼ 0 1 ½ , and uðtÞ ¼ 5e À0:5t ð1 þ sin5tÞ is the input flow from the flow source to tank 1. The switching signal ðtÞ in this example is a piecewise constant function with the set of images equal to 1; 2; 3 f g. Consider the following values for the system parameters
For the three modes defined above, one can obtain 
On solving the set of LMIs in
Step 1, the observer gains L i , i ¼ 1, 2, 3, are calculated in Step 2 of Algorithm 1. One can verify that the minimum lower bound of the average dwell time required for the stability of the estimation error dynamics in the proposed observer O is equal to 0.4010. Now, let the switching between the three subsystems be governed by the switching signal 1 ðtÞ given in Fig. 4(a) . Applying the observer O to the system, the estimates of h 1 and h 2 are obtained and depicted in Fig. 4(b) and (c) which comply with the result of Theorem 2. Since the condition of Theorem 2 holds in the interval ½0,1 (as the time interval is greater than Á ¼ 0:7), the state estimation error becomes zero at t ¼ 0:7 and stays at zero for t ! 0:7. This means the finite convergence time is 0:7. The simulations are repeated for the case when the switching signal is 2 ðtÞ (given in Fig. 5(a) ). Since this switching signal does not satisfy the condition of Theorem 2, finite convergence time is not achieved, but as expected from Lemma 4, the estimation error is exponentially stable. The results obtained in this case are depicted in Fig. 5 (b), 5(c).
As mentioned earlier, there are two Luenberger observers in the structure of the proposed FTO O. To compare the performance of the proposed observer O and a single Luenberger observer, assume that only 
Conclusions
In this paper, a finite-time switching observer for a linear continuous switched system is presented. The proposed observer switches between FTOs, which are designed for each subsystem, and observes the state of the switched system. The observation error vanishes in finite time provided there are two consecutive switching instants with a time-gap larger than the finite convergence time of the active observer between the two instants. Regardless of this property, the switching observer with constrained average rate is stable if the algorithm proposed in this paper is utilized to design the switching FTO. The simulation results show the efficiency of the proposed technique in reducing the observation error to zero in finite time for different switching signals. Switch Finite-time Observers
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